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Abstract. We use the free entropy defined by D. Voiculescu to prove 
that the free group factors can not be decomposed as closed Unear spans 
of noncommutative monomials in elements of nonprime subfactors or 
abelian *-subalgebras, if the degrees of monomials have an upper bound 
depending on the number of generators. The resulting estimates for 
the hyperfinite and abelian dimensions of free group factors settle in 
the affirmative a conjecture of L. Ge and S. Popa (for infinitely many 
generators) . 



1. Introduction 

L. Ge and S. Popa defined f |GePoj ) for a given type Ii-factor M. the 
following two quantities: £h{M.) = min{/ G N | 3 hyperfinite TZi, . . . , TZf C 
M such that sp'"7^l7^2 ■■■TZf = M}, la{M) = min{/ E N | 3 abelian ^i, 
. . . ,Af C M. such that sp^^i^2 • • -Af = M.} (the min considered is oo 
if M. can not be generated as stated) and conjectured that lh{C{¥n)) = 
^a(>C(F„)) = oo for n > 2, where C(¥n) is the type Ii-factor associated to 
the free group with n generators. 

We use the concept of free entropy introduced by D. Voiculescu in his 
breakthrough paper |Vo2j to prove that the conjecture mentioned above is 
true at least partially (for n = oo) that is, 4('C(F„)), 4(£(F„)) > [^] + 1 
for all 4 < n < oo. Actually, our result is more general and it states that 
the free group factor with n generators can not be asymptotically generated 
(Definitions lO and as 

lim 1 1 ■ 1 1 2 Y ^"-^^ • • • Kf^'^K.^. 

^ / ^ Jl J2 Jt Jt + l 

l<t<d 

or 

lim y AlZ'^A^Z'^ ...AlZ'^Al^^ 

^ Z J Jl J2 Jt Jt + l 

l<Jl,---Jt + l</ 

l<t<d 

if {Ml , . . . ,Afj}uj are nonprime subfactors, {A^ , . . . ,A^}uj are abelian *- 
subalgebras, {Z"^ C /:(F„)} ^ are subsets containing p self-adjoint elements, 
and f,d > 1 are integers such that n > p + 2/ + 1. Note that £(F„) 
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admits decompositions of this sort if we allow d = oo, for example if Z'^ = 
Z = {1},/ = n, J\fi = Mi,...,J\fn = Mn are re distinct copies of the 
hyperfinite type Ei-factor IZ and = Ai, . . . = An are re distinct 
copies of L°°([0, 1]) (since C(¥n) is both the free product of re copies of IZ 
and the free product of re copies of -L°°([0, 1]), see |VDNJ . Note also that 
the indecomposability of >C(F„) as sp^MZM implies the primeness of its 
subfactors ([^). Indeed, according to V. Jones ([Joj), if is a sub factor 
of finite index in M then A4 decomposes as NeN where e is the Jones 
projection. In particular, the indecomposability properties of £(F„) over 
nonprime subfactors and abelian subalgebras are preserved to its subfactors 
of finite index. Recall that the Haagerup approximation property ([Ha_) is 
another property preserved to the free group subfactors. A first example 
of a prime El-factor (with a nonseparable predual, though) was given by S. 
Popa f |Polj ) and then L. Ge proved (with a free entropy estimate) that the 
free group factor C(¥n) is prime V2 < re < oo ([Hejj), thus answering a 
question from |Po3j . 

Our results are based on estimates of free entropy that is, estimates of 
volumes of various sets of matrix approximants (matricial microstates) . The 
paper has four parts. After introduction, we prove the first estimate of free 
entropy and reobtain then a result of D. Voiculescu ( jVo2j 1 : if a free fam- 
ily of m self-adjoint noncommutative random variables can be generated by 
noncommutative power series by another family of n self-adjoint noncom- 
mutative random variables, then re > rre (Theorem 12. 3() . However, we show 
that the assumption of freeness from |Vo2j is not essential and it can be 
dropped. As a consequence, the number of self-adjoint generators with fi- 
nite entropy, which generate a *-algebra A algebraically, is constant. In the 
third part we prove the indecomposability of C{¥n) (and of its subfactors of 
finite index) over nonprime subfactors (Theorem l3.5j) and in the last section, 
the indecomposability over abelian subalgebras (Theorem 14. 4j) . 

We give next a short account on Voiculescu's free probability theory 



( |Volj . |VDNj ) and on his original concept of free entropy ( |Vo2j . |Vo3j ) . 



A type El-factor M endowed with its unique normalized, faithful, normal 
trace r is sometimes called a I^*-probability space. The trace r determines 
the 2-norm on ^A, \\x\\2 = r(x*x)2 and the completion of ^A w.r.t. || • II2 
is denoted L^(7W,r). An element x G is a semicircular element if it is 
self-adjoint and if its distribution is given by the semicircle law: 



A family {Aiji^i of unital *-subalgebras of is a free family provided that 
t{xiX2 ■ ■ ■ Xn) = whenever r(xfc) = 0, Xfc G Ai,, \/l < k < n, ii, . . . , i„ G / 
and ii ^ i2 ^ . ■ ■ ^ in, n £ N. A set {xjjjg/ C M. is free if the family 
(*-alg{l, Xj})jg/ is free. A free set {xj}jg/ C A4 consisting of semicircular 
elements is called a semicircular system. If F„ is the free group with re gen- 
erators (2 < re < 00) then >C(F„) denotes ( |MvNj ) the von Neumann algebra 
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generated by the left regular representation A : F„ ^ B{P{¥n)). C{¥n) is a 
factor of type El - the free group factor on n generators. It has a canonical 
trace r(-) = (•5e>'^e)> where {Sg}g(zf^ is the standard orthonormal basis in 
/^(F„). Every £(F„) is generated as a von Neumann algebra by a semicir- 
cular system with n elements f jVDNp . We denote by A4f,°- = A1|"(C) the 
set of k X k self-adjoint complex matrices and by t/. its unique normalized 
trace. Tj^. induces the 2-norm || • II2 : ~^ ^+ and the euclidean norm 

II • He := Vk\\ ■ II2. If B is a measurable subset of a m dimensional (real) 
manifold then volm(-B) will denote the Lebesgue measure of B. The free 
entropy xi^i) ■ ■ ■ i^n) of a finite family of self-adjoint elements was intro- 
duced in |Vo2j but we will recall ( I Vo3| ) the definition of the modified free 
entropy which is better suited for applications. For self-adjoint elements 
xi, . . . , Xn+m G one defines first the set of matricial microstates 

(1) TR{xi,...,Xn ■.Xn+l,...,Xn+m;P,k,() := { (^i , . . . , A„) G (A4f)"| 

3(^„+i,...,A„+„) G {MTT s.t. \\Aj\\ < R, \T{xi,...Xi^) 
-Tk{Ai^ . ..Ai^)\ < e Vj,ii, . . . £ {I, . . . ,n + m] Ml < q < p} 
where i?, e > and p, A; G N, and then 

(2) XR{xi,---,Xn : /c,e) 

= log(vol„fc2(r/j(xi, . . . ,x„ : Xn+i, . . . ,Xn+m;p,k,e))), 

(3) xr{xi-,--- 

= limsup (^-^Xnixi, • • • ,x„ : . . .,Xn+m;P, k,e) + ^logk 

(4) Xr{xi, ■ ■ ■ ,Xn ■■ Xn+l, . . . ,Xn+m) 

= inf{xij(xi, ...,Xn: x„+i, . . . , x„+m;p, e)|p G N, e > 0}, 

(5) x{xi: • • • ) X,fi . Xn+l J • • • ) Xji-\-m) 

= SUp{Xij(xi, . . . ,X„ : X„+i, . . .,Xn+m)\R > 0}. 

When taking the last sup it suffices though to assume < i? < max{||xi||, 

• • • ) \Xn+m 

11} rather than < R < oo ( |Vo2j . |Vo3j ). The quantity xixi, 
■ . . ,Xn ■ x„+i, . . . , Xn+m) is the free entropy of xi, . . . , x„ in the presence 
of Xn+i, ■ ■ ■ , Xn+m- If TIT. — it is Called the free entropy of xi, . . . , x^ and 
denoted x(xi, . . . , x„). If {x„+i,..., Xn+m} C {xi,... ,x„}" then (\\/o3\) 

%(xi, . . . , Xn • Xn+i, . . . , Xn+m) — Xixi, ■ ■ ■ i Xn)- 

For a single self-adjoint element x = x* G 7W one has ( jVo2p : 



X{x) = ^ + \\og2'K + I / log |s - t\dfi{s)dfi{t), 



4 2 

where fj, is the distribution of x. If xi, . . . , x^ are n self-adjoint free elements 
of Ai then xixi, ■ ■ ■ ,x„) = xixi) + . • • + x{xn) ( (Vo2j ) . The converse is also 
true ( |Vo4j ). provided that xixi) > —oo VI < i < n. In particular, the free 
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entropy of a finite semicircular system is finite, hence the free group factor 
C(¥n) has a system of generators with finite free entropy for 2 < n < oo. 

2. NONCOMMUTATIVE POWER SERIES AND FREE ENTROPY 

The main result of the present section states that if a (not necessarily 
free) family of m self- adjoint noncommutative random variables with finite 
free entropy can be generated as noncommutative power series by another 
family of n self-adjoint noncommutative random variables, then n > m. 
In other words, a finite system with finite free entropy has minimal cardi- 
nality among all finite systems of self-adjoint elements that are equivalent 
under the noncommutative analytic functional calculus. Thus, we recover 
D. Voiculescu's result from fVo2l, with the observation that our approach 
does not require the assumption of freeness. 

We review first a few facts concerning the theory of systems of alge- 
braic equations f |vdWj ). necessary in the proof of Lemma ITTl If gi, . . . , 
are forms in n variables, then there exists a polynomial (the rezolvent) in 
their coefficients, R{gi., ■ ■ ■ ,gn), with the property that R{gi, ■ ■ ■ ,gn) = 
if and only if the system 5i (6, = ... = gniCi, ■ ■ ■ ,Cn) = has 

a nontrivial solution. If hi,... ,hn-i are n — 1 forms in n variables and 
hn{u){ii, ...,in) ■■= uiCi + • • • + UnCn, then Ruih, . . . ,hn-l) := . . . , 

hn-1, hn{u)) (the M-rezolvent) is either identically equal to 0, or a form of de- 
gree deg(/ii) • . . . • deg(/i„_i) in it = (ui, . . . , In the first case, the system 
hi = . . . = hn-i = has infinitely many solutions [(^i, . . . £ PC""-"^ 
and in the second, all the solutions [(^i, . . . , Cn)] £ PC"""*^ are given by 
the factorization of Ru{hi, . . . , hn-i) (and thus, the system admits at most 
deg(/ii) • . . . • deg(/i„_i) solutions - Bezout's Theorem). 

Let fi, . . . , fn £ . . . , En] be n polynomials in n indeterminates, of 

degrees di, . . . , d„, respectively. For a = (ai, . . . , a„) G M" define 

Fi,a,{Cl,---,(,n+l) =(,n'+l ( fi ( T^'-'-'T^ ) " ) ) VI < 2 < H. 

Bezout's Theorem implies that the system of equations /i(Ci) • • • > ^n) = 
ai, . . . , /„(^i, . . . , ^n) = On admits at most d\ - . . .-dn solutions (.^i, . . . , ^„) G 
if RuiFx^ax , • • • , i^n,a„) ^ 0. Note also that the set 

Suifl, ■ ■ ■ ,fn) ■= {{ai, ■ ■ ■ , an) G M" | Ru{Fi^ai, ■ ■ ■ , Fn,a„) ^ 0} 

is either open and dense in R", or empty. 

We proceed now with Lemma 12.11 which gives an upper bound for the 
Lebesgue measure of the intersection of an algebraically parameterized man- 
ifold embedded in M™, with the unit ball of M™. This Lemma will be of fur- 
ther use in estimating the volumes of various sets of matricial microstates 
which will appear as sets of points within given distance from such manifolds. 

Lemma 2.1. For integers n < m and polynomials /i,...,/^ G R["i, 
. . . , En] define / = (/i, ...,/„): M" ^ M*". // the polynomials det (^) 
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are not identically equal to VJ G {{ii, . . . , in) |1 < < • • • < ^ ""T-} o,''T'd 
if Su = Suifi, . . . , /n) / 0, then 



(1) 



E-(t) 



n 



where C = C(deg(/)) = max{deg(/i . .•deg(/i„' 
and B{0, 1) = 5„(0, 1) is i/ie wnit ball in W. 



■C-voUB{0,l)) , 



1 < ii < . . . < i„ < m} 



Proof. We consider first the case m = n. Let S denote the set of all irreg- 
ular values of f, S = f {{$, G M" | rank(c?/^) < n}). It suffices to show that 

© holds with f'^ (^B{0,1) \ S,^ replacing f-^ (^5(0,1)) , where 5, is an 
arbitrary open set that contains 5 U (M" \ Su)- For any a = (ai, . . . , a„) G 
Range(/)nS(0, l)\5'e the set f~^{{a}) has at most C = deg(/i)-. . .•deg(/n) 
elements, say /^^({a}) = {&i, • • • , &p(a)} ^or some 1 < p(a) < C. There exist 
an open ball Ba 3 a and open neighborhoods 3 bi, . . . , Vp(^a) ^ such 
that Ba and V^'^ are diffeomorphic via / for 1 < i < p{a) and f~^{Ba) = 

ufiff* V^". Since it is compact, we can cover Range(/)n-B(0, l)\Se with a finite 
set of such open balls Ba^ , ■ ■ ■ , Ba,, ■ This covering determines a finite parti- 
tion of Range(/) n B{0, 1) \ S^, say Wi, . . . , Wt- For each 1 < j <t choose a 
unique 1 <l = l{j) < k such that Wj C Ba, and f~^{Wj) = TjiU . . .UTjp(^ai) 
where Tji C V^'' and and Tji are diffeomorphic via / for all 1 < i < p{ai). 

t 



(2) 



det(?^ 



/-i(B(0,l)\S.) 

t P("!(j)) 



d^ 



-I 



E E 



T 



det 



5/ 



j=l j=l 



<CY, ^olniWj) = C ■ Y0\n (^(M) \ S, 



In the case m > n one has the following estimates: 

1 

2 



< V 



det 



5e 



m 



n 



C7-vol„(S(0,l)). 



□ 



Lemma [2.1l will be used in the proof of Proposition l2.2l The kxk matricial 
microstates of xi, . . . , Xm are points within euclidean distance 2a;V mk from 
the range of a polynomial function in the matricial microstates of t/i , . . . , 
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provided that each Xi is within || • ||2-distance u) from noncommutative poly- 
nomials in yi, . . . ,?/„. 

Proposition 2.2. Let Pi, ... , Pm & C < Yi, . . . ,Yn > be complex polyno- 
mials in n noncommutative self-adjoint variables. Assume that (A^,r) is a 
El-factor and {xi, . . . ,Xm} C M is a finite set of self-adjoint generators of 
M.. If {yi, . . . ,yn} C Ai is another finite set of self-adjoint generators of 
M with n < m and such that 

\\xi - Pi{yi, . . .,yn)\\2 < w V 1 < z < m 

for some positive constant u G (0, a], then 

(3) x{xi Xm) < C (m, n, a) + {m — n) log uj + n log d 

where C{m,n,a) is a constant that depends only on a = max{||a;i||2 + 
1, • • • , lla^mlb + 1}, rn, n and d = max{deg(Pi), . . . ,deg(Pm,)}. 

Proof. Eventually replacing each Pj by \{Pi + P^) we can assume from the 
beginning that Pi = P* ^1 < i < m. For R > 0, integer p > 1 and e > 
consider 

{Ai,...,Am) eTR{xi,...,Xm :yi,...,yn;p,k,e) . 

If p is large enough and e > is sufficiently small, then one can find matrices 
Bi,... ,Bne Ml"' such that ||Pi||, . . . , ||-Bn|| < R and 

\\Ai-Pi{Bi,...,Bn)\\2<toyi<i<m 

or equivalently, 



With the identifications g = {gi,..., g^f,2) : (A4f )" ^ W''' (A^f )™ ^ 
M-'^', {Bi,...,Bn) = e R^''\ g{Bi,...,Bn) = (Pi(Bi,..., 



At the cost of introducing an additional variable ^nk'^+i ^ ^) we can assume 
that the components of g are mk'^ homogeneous polynomial functions in the 
variables . . . , $,nk^^i, of degrees < d. 

Let now /i, . . . , /^fc2 be arbitrary homogeneous polynomial functions in 
6,---,Cnfe2+i such that deg{fj) = deg(c/j) VI < j < mk'^. For every 
multiindex J = {ji, . . . jjnk^+i) with 1 < ji < ... < J„fe2+i < mk'^, 
Su{fji,...,fj^i^2j^j) = is equivalent to the fact that the coefficients of 
fj-^,..., /j^^a+i satisfy a certain system of algebraic equations. Hence the 



(4) = {/ = (/i, . . . , I deg(/,) = deg{gj) VI < j < mfc^ 



\\Ai-Pi{Bi 



, . . .,Bn)\\e < i^^/k VI < z < m . 




set 




)^0VJ=(jl,...,j„fe2+i)} 
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is open and dense in its natural ambient linear space. Similarly, the set 
(5) ^2 = 1 f = (/i, . . . , fmk^) I deg(/,) = deg(<7,) VI < j < mk^ 



( -ir ) ^ VJ = (ji, . . . ,jnk^+i] 



is also open and dense in the same linear space.. 

The matrix d/^ has (^^2^1) minors of dimension (n/c^ + 1) x (n/c^ + 1) and 
all these minors have a nontrivial common zero only if ( |vd Wj ) a certain 
system of algebraic equations in the coefficients of /i , . . . , /mfc2 has a solution. 
Moreover, not all the polynomials appearing in this system are identically 
equal to 0. It follows that the set 

(6) ns = {f = {fi,..., fmk^) I deg(/,) = deg(5,) VI < j < mk^ 

rank(4f5) = nfe^ + 1 G M"'='+i \ {0}} 

contains a subset which is open and dense in the linear space previously 
considered. Therefore there exists an element / G Oi n H f^s such that 
11/(^1, . . . - 5(^1, . . . ,enfc2+i)||, < ujV^ y\^i\ <R\Jl<i<nk^ + 

1, hence ||(Aj)i<j<m - • • • , '^nA;2+i)| Ig < 2ujVmk- The function / satis- 
fies the hypothesis of Lemma l2.1l and its components are homogeneous poly- 
nomials. Moreover, it has the property that diste ((^i)i<i<m) 

Range (/)) < 

2uj\/ mk and it does not depend on the system (vlj)i<i<m- 

We have ||(^i, . . . , ^m)||e < aVmk (if e > is small enough) hence the 
set of matricial microstates {Ai, . . . , Am) of (xi, . . . , Xm) such that diste((Ai, 
. . . , ^m); Raiige(/)) < 2uj\/mk is contained in the {mk'^,nk'^ -|-l)-tube of 
radius 2u}V mk around Range(/) n B^k'^iO, (a -|- 2uj)Vrnk). If is a small 
ball in M"'=^+i \ {0} and if VB{2ujVmk) denotes the {mk'^,nk^ -hl)-tube of 
radius 2uj^/rnk around f{B), then the formula for volumes of tubes (1^^) 
implies 

(7) volmk^{VB{2ujVmk)) =-vo\mk2^nk2-i (0,1)) 

^ {2ujV^y+"'^^-''^^-^kB,e 

^ (mk'^ — nk"^ + l)(mk'^ — nk'^ -f- 3) . . . (mfc^ — nk"^ — 1 -|- e) 

e=0 mod 2 ^ ' ^ ' ^ ^ 

0<e<nfc2+l 

With the notations from We one has kB,e = Jj^b) ^eds and 

nfc2+l 

~ ¥(I/2V ^ ^ ' ^ 

where H^'^ denotes the Riemann tensor of f{B). Assuming without loss 
of generality that deg(/j) = d VI < j < mk'^, one can verify that each 
H^p{f{^)) is a sum of quotients of homogeneous polynomials where all nu- 
merators have degree 6((i— l)(n/c^-|-l) — 2(i and all denominators have degree 
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6{d-l){nk^ + 1), hence He is a rational function in ^ and in the coefficients 
of /(^). Due to its intrinsic nature, He is independent of the embedding 
of Range (/) in M™^ +\ in particular it is invariant under orthogonal trans- 
formations in W^'' +1. Since there exist sufficiently many polynomials /(^) 
such that Range(/) is flat, this entails He = V2 < e < nk'^ + 1, e = 
mod 2. Therefore the volume of the {mk'^,nk'^ +l)-tube of radius 2ujV mk 
around f{B) is vol^k^{VB{2ujVrnk)) = Yol^k^-nk^-i (0,1)) • 

(2ujV mk)"^^ ~^ ■ Jft^) ds and with Lemma l2.ll and inequality 



(8) 



r 1 + 



2 ) 



r 1 + 



1 

ik'^—nk^ — l 



< 



2— 

r(i + ^ 



2 



we obtain the following estimate: 



(TTlk \ 
nk"^ + 1 ) ■ '^^^^ 

•vol„fc2+i (-8(0, (a + 2uj)Vmkj^ ■ vol„fc2„„fc2„i(B(0, 1)) 

mk^ 
.nk"^ + 1 



•(2wVmA;)'' 

(a + 2w)"'='+i(mA;)' 2 tt 



C{d)-^^- 
(2c^)™'='-"'='-i(mA;) 



mfc —nk —1 



r 1 + 



r 1 + 



mfc2— nA;2 — 1 



< 



mk 
nk"^ + 1 



C7(d)- 



Ti^{mk)^2^{'iaY^+\2iv) 



nk^+l(r\ \mk^-nk^ — l 



r 1 + 



mk'^ 



The last inequality implies further 



(10) XR{xi,---,x.m : yi,...,yn;p,k,e) < log 



mk"^ 
nk"^ + 1 



+ ^logC(d) 



+— log TT + ( n j log 2 + n log(3a) + — log(mA;) 



+ (m — n) logcj 



1 



logr 1 + 



mk 



m . 



2 +-logA; + o(l). 
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Note that one has ^logT + ^) = f log ^ + o(l), C{d) < d^'^'+i 
and p- log {j^2^i} = m log m — n log n — (m — n) log(m — n) + o(l), therefore 
(11) xr{xi,- ■ ■ ,Xm ■ yi,. ■ ■ ,yn]P,k,e) < mlogm - nlogn + nlogd 

— (m — n) log(m — n) + — log vr + ( n \ log 2 + n log(3a) 

Tfl TTl Tn TTl 

H log m H log k + (m — n) log w log m log A; 

2 2 2 2e 

in 

+ — log /c + o(l) = C{m, n, a) + {m — n) log w + nlog d + o{l). 

By taking the appropriate limits after k,p, e, we finally obtain 

Xr{xi, . . . ,Xm ■■ yi, - ■ ■ ,yn) < C{m,n,a) + (m - n) logw + nlogd, 
and since R ^ is cirbitra,ry, ^(x]^, . . . , '. 7/1, • • • , yn 

) < C{m, n, a) + [m — 

n) log uj + n log d. Recall now that {xi , . . . , Xm} is a system of generators of 
M, hence • • -^Xm) = x{xi, . . . ,Xm ■ yi, ■ ■ ■,yn)- □ 

Let Yi, . . . ,Yn be noncommutative indeterminates and let 

00 

k=0 l<«i,...,jf;<n 

be a noncommutative power series in Yi, . . . ,Yn, with complex coefficients. 
Following |Vo2j . we say that i? > is a radius of convergence of P if 

oo 

J2 \ai,...i,\R^ < oo . 

k=0 l<ji,...,ifc<n 

It is well-known from the theory of power series that if < i?o < then 

f; E K .j«s=o((f)'"). 

k=q+ll<ii,...,ik<n. ^ ^ 

Theorem 12.31 is basically Corollary 6.12 in |Vo2j . with the observation that 
the freeness of {xi, . . . , x^} assumed there has been dropped. 

Theorem 2.3. Let xi, . . . , x^ and yi, . . . , y„ be self-adjoint noncommuta- 
tive random variables in a Ei- factor {^A,T) such that yi, . . . , y„ G {xi, . . . , 
Xm]" and x{xi,. ■ . ,Xm) > -oo. If Xi = . . . , y„) VI < i < where 

{Pi)i<i<m are noncommutative power series having a common radius of con- 
vergence R > b = max{||7/i||, . . . , ||y„||}, then n> m. 

Proof. Suppose that m > n. For 1 < i < m, Xj is a noncommutative power 
series of yi, . . . ,y„ i.e., 

oo 

(i) 
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For every integer q > 0, Pi,q{yi, . . . ,yn) := ELo Ei<n,...,i,<„ "S.^^yn 
■ ■ - yi^. is a noncommutative polynomial of degree < q and moreover 



(12) \\xi- Pi^q{yi,. . . ,yn)\\2 = 

oo 

s E E 

k=q+l l<ji,...,ife<7i 



E E 

k=q+l l<ii,...,ik<n 



a 



R 



ti...ik 



<7+l 



Uii ■ ■ ■ Uik 



m) 



The estimate of free entropy from Proposition 12.21 implies x{xi^---iX 
< C{m, n, a) + {m — n) log (-^) + nlog q + 0(1) and letting q tend to oo, 
one obtains that xi^i^ • • • > ^m) = — cxd, contradiction. □ 



Let be a *-algebra in a l^*-probability space (A^, r). Suppose that J\f is 
finitely generated and let {xi, . . . , Xm} be a system of self-adjoint generators. 
Let also be another set of self-adjoint elements that generate 

J\f algebraically as a *-algebra. In particular, there exist noncommutative 
polynomials {Pi)i<i<m such that Xi = Pi{yi, ■ ■ ■ ,yn) VI < i < m. In this 
context, Corollarv 12.41 is an immediate consequence of Theorem 12. HI 

Corollary 2.4. If xi^i, Xm) > -oo and *-alg{yi, . . . ,yn} = *-alg{xi, 
...,Xm} then n > m, so any 2 systems of self-adjoint elements with fi- 
nite free entropy that generate M algebraically as a ^-algebra have the same 
cardinality. 

D. Voiculescu proved in |Vo5j that the modified free entropy dimension 
( |Vo3j ) of a finite set of self-adjoint elements that generate algebraically 
a *-algebra M is independent of the set of generators. Recall ( |Vo3j ) the 
definition of the modified free entropy dimension: 



(5o(xi, 



m + lim sup 



X{xi + UJSl, . . . , Xl + iOSm : gi, . . . 
I logcjl 



where {si, . . . , Sm} is a semicircular system free from {xi, . . . , Xm}- One has 
5o(xi, . . . , Xm) < rn, in general, and also < (5o(a;i, . . . , Xm) if {a^i, . . . , Xm} C 
C{¥p) for some p. Considering two sets {xi, . . . , Xm} and {yi, . . . , y„} of self- 
adjoint elements that generate algebraically the *-algebra N and noticing 
that {yi,...,y„} C {xi + toSmiSi, . . . ,Sm]" , one has 



(13) 5q{xi,. . . ,Xm) =m 

. Xixi+U;Si,...,Xi+UJSm-Sl,...,Sm,yi,---,yn 
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Also, \\xi + ujSi — Pi{yi, . . . ,yn)\\ = ||'^Sj|| < u; VI < i < m, and with 
Proposition 12 . 21 we obtain 

(14) 6o{xi, . . . ,Xm) < m 

C (m, n,a) + (m — n) log uj + n log d 
+ lim sup — j <m + n — m = n, 

LV-^O I log W I 

where a = max{||xi||2 + 1, . . . , Hx^lb + 1, Ibilb + !,•••, Ibnlb + 1} and 
d = max{deg(Pi) | 1 < i < m}. In particular, if there exists a set {yi, . . . , 
with 6o{yi, . . . , yn) = n which generates M algebraically, then sup{(5o(xi, . . . , 
Xm) I *-alg{xi , . . . , Xm} =M} = n. 



3. INDECOMPOSABILITY OVER NONPRIME SUBFACTORS 

In this section we prove that the free group factor £(F„) does not admit 
an asymptotic decomposition of the form 

Imi 11-11^ K^^K^^ ■ ■■K^^^n.v 

1<J1 H+l<f 

l<t<d 

where {Z^ C £(F„)} ^ are subsets with p self-adjoint elements, \J\ff ^ . . . , 
A/j^} are nonprime subfactors of £(F„), d > 1 is an arbitrary integer, and 
n > p + 2f + \. A nonprime Ei-factor is just a factor isomorphic to the 
tensor product of two factors of typeEi. For free group subfactors one has 
the following: if n > p + 2/ + 2 and P C £(F is a sub factor of finite 
index, then V does not admit such an asymptotic decomposition either. 
In particular, the hyperfinite dimension of £(F„) is > [^^y^] + 1 and the 
hyperfinite dimension of P is > + For n = oo this settles a conjecture 
of L. Ge and S. Popa f |GePoj ): the hyperfinite dimension of free group 
factors is infinite. The definitions of hyperfinite dimension and of asymptotic 
decomposition over nonprime subfactors are given next. 

Definition 3.1. i |GePoj ) If 7W is a type Ei-factor, then the hyperfinite di- 
mension of A^, denoted £/j(A^), is by definition the smallest positive in- 
teger / E N with the property that there exist hyperfinite subalgebras 
TZi, . . . ,Tlf C Ai such that ■ ■ - Tlf = M.. If there is no such 

positive integer /, then by definition, lh[M.) = +oo. 

Definition 3.2. A type Ei-factor M admits an asymptotic decomposition 
over nonprime subfactors, denoted 

lim y Mt^Z'^Mf^Z'' ...MfZ^M^^^,, 

l<Jl,---.jt+l</ 
\<t<d 

provided that Vn > 1 Vxi,...,x„ G M. Vu > BAAf = A/i(xi, . . . , 
w), . . . , AAr^ = A//(xi, . . . , w) nonprime subfactors oi M. 3Z^ = Z{xi, 
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. . . , Xn] to) C M. containing p self-adjoint elements, such that 
/ \ 

dist„.„, x„ j2 A/;-^^A/;-2^---A/;-2^A/]:,. 

i<ji,---jt+i</ 

\ l<t<d J 



< uj yi < j < n. 



If C{¥n) admitted an asymptotic decomposition over nonprime subfac- 
tors (Definition 13 ■2() . then the situation described in Proposition 13.41 (with 
M. = C{¥n)) would take place for an arbitrary a; > 0, since any Ii-factor is 
generated by its projections of given trace for example): 

Lemma 3.3. / |KRj ] Any type Ei- factor A4 with separable predual is gener- 
ated by a countable family of projections of given trace. 

Proof. Every Ei-factor with separable predual is generated by a countable 
family of abelian subalgebras, so there exist Ai,A2,... abelian subalgebras 
of M that generate as a von Neumann algebra. If necessary, one can 
replace each An by a maximal abelian subalgebra of A4 which contains 
it, hence we can assume that An is a maximal abelian subalgebra of M 
VI < n < oo. Being a maximal abelian subalgebra of a type Ei-factor, An 
has no atoms and thus it is generated by a countable subset of projections 
of given trace, VI < n < oo. □ 

Proposition 3.4. Let zi,. . . ,Zp be self-adjoint elements of aEi-factor M 
and let {Mv)i<v<f be a family of subf actors of M.. Assume that Mv = 
'r!{'^ V t6^^ ~ t6^^ ® n^2^ where n^^\T6^^ are Ei- factors and assume that 
xi,...,Xn are self-adjoint generators of M. Assume moreover that there 
exist projections of trace \ , p^^^ , . . . , p^r'] G TZ^2^ , q'C^ , . . . , q's} G Tl^i^ and 
complex noncommutative polynomials {<j3j)i<j<n of degrees < d (where d > 1 
is fixed) in the variables [zu)i<u<p such that 



(1) 



Xj 



(t>j {Pi )l<^<r^, ) 



< w, j = 1, . . . ,n, 

2 



where uo G (0, a] is a given positive number, and such that in all the monomi- 
als of each the projections p\"\qi'^ and p^^\qi"'^ are separated by some 
Zu if V ^ w. Then 

(2) x{xi,---,Xn) < C{n,p,a,d,f)-^{n-p-2f)loguj, 

where a = max{||xj||2 + 1|1 < j < n} and C{n,p, a, d, f) is a constant that 
depends only on n,p,a,d, f . 

Proof. All variables involved are self-adjoint so we can assume that (j)j = 
VI < j < n. Fix an integer ko > 1 and let R > 0. Let Mko{<C) = C 



n'i \ MkoiC) ^ M^2 ^ C 7^^''^ and {e^lj,; , {f!j^'^}j,i be matrix units 



for 
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(v) (v) 

M-i and M.2 respectively. If 



iAj)l<j<n, (Gi ')l<i<r^ , {Hi ')l<l<s^ , {E'^'l'jjly, {F!lJ'}j,l,v, {Zu)l<u<p 



is an arbitrary microstate in the set of matricial microstates 

(3) ^R{{xj)i<j<n,(pl') l<i<rv ) {Qi ^)l<l<sv ) {^^il^}j,l,V1 {fjl 

\ l<v<f l<v<f ■' ■' 

{zu)i<u<p;m,k,e^ 
and if m is large and e is small enough, then 



~ 'Pj ( ^)l<i<ry , {H^ ^)l<l<sy , {Zu)l<u<p ) 

V l<v<f l<v<f J 



<iv, j = l,...,n. 



Let 6 > and write k = k^t + uj for some integers w, t with < it; < 



/cq — 1. If m, e are suitably chosen, then there exist A^^^-* = M''^' C Mk{C), 



Ai'^^ = ^2"' C A^fc(C) (not necessarily unital inclusions) and matrix units 



Ml 



li'o) 



that 



E 



(v) 



jl 



E 



jl 



■jl 



jl 



andA^^"^ C [M^2') ^Mk{C). The relative commutants of i"-" and A^^' 
in7Wfc(C) satisfy (^M'i^y nMk{C) ^ {MkoiC)^l®Mt{C))®MUC) and 
(M^^'>ynMk{C) ^ {lMko{<C)Mt{C))®MUC)- Letr?(")(x,{e5.^)},v) := 

-kl^j°l=i^^jl^^4f e C < Xi,...,X^2+i > be the polynomial in A;^ + 1 
indeterminates that gives the conditional expectation F^j^(v)y^j^ : M — > 

{M^^^ynM, = V^'Hx,{e'^\i). Then G^^) := r)(^\G^^\ 

{E^^\i) e [M?)'nMk{C) and since ri") = = r,(^Hp? , 

{e^^l^}j,l) it follows that 



<Syi<j,l<ko, 



<5i, VI < Z < mi 



for any given Si, mi, provided that e, 6 are small and m is large enough. For 
suitable mi. Si there exists a projection p^^'^^ g (j^i'^^ ^ -M-kiC) of rank 

te] such that WPi"'^^ - gS"'')||2 < S2. Then ||gS") - P^'^lb < \\G^i^ - 

Gi"'')||2 + -P^')||2 < 2<52 since \\G^^^ - G^;''^^\\2 < S2 for convenient 

m, €, (5. With this procedure we can find projections P^^'^\ . . . , Pr^'^^ G 

(M^i^y n Mk{C) and qS'''^\ . . . ,Qi:'^^ G n >ffe(C), all of rank 
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fcpf+ui 
2 



such that 1 1 G, 



(v) 



■Pt'^^lh < 262 and ll^f ^ -gj-^'^^lb < 252 for ah 



indices u. Moreover, 



■^j ~ 4>j ( {Pi ' '')l<i<r„i {Q\ ' ■')l<;<s„ 5 {Zu)l<U<p 
\ l<f</ l<f</ 



<wVl<j<n 



if we choose a sufficiently small ^2 > 0. Let g[''\k) C (m[''^)' nMkiC) and 
Q {kot + w, 



gi^Hk) c (tW^"^) nMkiC) be 2 fixed copies of the Grassmann manifold 



kpt+w 
2 



kpt+w 
2 



). There 



(projections in ^Akot+w{'C), of rank 

exists a unitary G U{k) such that ^J^^^Pf^'^V^^)*, . . . , e 

^(fc) and [/('')q['''^)?7(^)*, . . . , C/(^)Qi^'^V(^)* G ^(fc)- The previous in- 
equality becomes 



(4) 



l<v<f l<v<f 



(Re(C/(^)),Im(C/(-)))i<,<^ 



< uj\/ 1 < j < n. 



The euclidean norm on A4|" induces a U{kQt + tt;)-invariant metric on the 



manifold G ( /cq^ + 



2 



and if {Pa}aGA(k) is a minimal 0-net in the 



manifold with respect to this metric, then ([Si]) 1^(^)1 ^ 



Chi. 



ak 



where C 



is a universal constant, = 2 



kpt+w 
2 



kpt+w 
2 



is the dimen- 



kpt+w 
2 



sion of Q (jtQt + It), 
manifold Q (jiot + w, 
and /3 := {b^i \ ■ ■ ■ , b^s^J)i<^<f with entries from A{k) such that 



kpt+w 
2 



and hk < v2k is the diameter of the Grassmann 
in A^^"^. There exist a := {a\'\ . . . ,a^])i<v<f 



< 6* and 



< 



for all 1 < z < r„, 1 < / < s-t,, 1 < u < /. The polynomials {4>j)i<j<n 
are in particular Lipschitz functions hence there exists a constant D = 
D {{4'j)i<j<n, R) > (note that \a\ = ri + . . . + r j and |/?| = si + . . . + sj) 
such that 



(5) I |(/)j(li, . . . , V|„| + |/3|+p+2/) - </)j(W^l, . . . , W^a| + |/3|+p+2/)| 

< D \ \{Vi, . . . ,Vla\ + \l3\+p+2f) - {Wi,. . . ,W\a\ + \p\+p+2f) 
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for all 1 < j < n and all Vi, . . . , V|a|+|;3|+p+2/, W^i, • • • , W\a\+\p\+p+2f e {V" G 
Mfc I ||y|| < R}. We have then 



l<u<'p 

V i<v<f l<v<J 

(Zu) l<u<pi 

/ e 

+D^V|a| + |/3| = 2ujVk, 
if we choose := Define : (A^f ^ (A^f )" by 

(7) F^^p ({Wu)i<u<p, W^i"^) 



l<M<pi 

/ l<i<n 



and note that diste((j4j)i<j<„, Range(FQ^/3)) < lioynk. Note also that all 
the components of -Fa,/3 are polynomial functions of degrees < + 2. Use 
now Lemma l2. II as in the proof of Proposition 12 . 21 to obtain the estimates: 

(8) V0l„fc2 Vr\ {Xj)x<j<n ■■ (Pi ) 

V V l<v<f l<V<f 



izu)i<u<p;'rn,k,€ < 



Ch,\3^\ l"l+l/3| 



•vol(p+2/)fc2 (^B{0, {a + 2uj)Vnk)^ ■ vol„fc2_(p+2/)fc2 (^(0, 2ujVnk)^ 

(l"l + l/3|)9fc 



/ CDhk \a\ + 



k 



n 



k^ 



{p + 2f)k^ 



■C{d) 



(^nfc)^^^(2^ + a)(P+2/)fc2 (^^fc) "'' -K^'^"- (2^)nfe^-(p+2/).2 



r 1 + 



(p+2/)fc^ 



r 1 



2 



The above estimate, the inequality ((SJ on pag. |H1 and the inequalities 



(9) hk<V2k,0<uj<a,gk = 2 



kot + w 



kot + w 



kot + w 



< 2 



kot + w / kQt + w\ (kot + w)'^ (k + kow — w)'^ 
f^ot + w-^^)= = . 
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together with C{d) < {3d + 2)(p+2/)'=' imply 

(10) vol„fe2 ( Tr( {xj)i<j<n : {p'i'^)i<i<r, , iqi''^)i<i<s, , {eji^}j,i,v, {fiihj,l 

\ \ l<v<f l<v<f 



{zu)i<u<p;rn,k,e I I < I 

2^ (Trnfc) ^ (3a) +2/)'^^ (2a;) (""f-^/)*^ 



2 ; 



therefore 



(11) r2Xil( (a;j)i<j<n : (pf ^)i<«<r„ , (9{''^)i<!<«„ , {e'ji^}j,l,v, {fjj^}j,l,v 

K \ l<v<f l<v<f 

)Tl 
+ -logfe < C{n,p,a,d, /) +n\ogk 

\a\ + m ( kow-w V CD_^2{\a\ + |/3|) 



2^0 



A:2 \ 



+(n-p-2/)log.-^logr(^l + — j+^log(^^^^^^^,j. 

Use ^ log ((p+t/)fc2) = nlog n - (p + 2/) log(p + 2/) - (n - p - 2/) log(n - 

p-2f) + o(l) and Stirling's formula ^logT + = f log ^ + o(l) 
to conclude 

(12) Xi?( (xj)i<j-<„ : {pf^)i<i<r,,{qi''^)i<i<s„de^n}j,l,vdfn^ 

\ !<■"</ !<■"</ 

(^«)i<u<p;m,e) < J^^L±^log(CZ)V2(H + |/?|)) 
+C(n,p, a,dj)+(n-p-2f- logo;. 



2A;q 

The last inequality shows that the free entropy of {a;i,...,x„} does not 
exceed C{n,p,a,d, f) + (n — p — 2/) log a; since ko is an arbitrary integer, R 
is an arbitrary positive number and xi , ■ ■ ■ , Xn generate M. □ 

3.1. Hyperfinite dimension of free group factors. 

Theorem 3.5. If n > p + 2f + 1, then the free group factor >C(F„) can not 
be asymptotically decomposed as 



lim 11-11^ Yl K^^K^^ ■ ■ ■K.^^K... 



l<31,---,3t+l</ 

l<t<d 
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where {Z'^ C £(F„)}^ contain p self-adjoint elements, {Mi , . . . ,N'j}uj are 
nonprime subfactors of C(¥n), and d>l is an integer. 

Proof. Suppose first that oo >n>p + 2f-\-l and consider a semicircular 
system {xi, . . . , x„} that generates JC{¥n) as a von Neumann algebra. If the 
assertion were true then one could find for every u; > noncommutative 
polynomials and projections as in Proposition 13.41 satisfying the inequali- 
ties But then the estimate of the free entropy would imply that 
xi^i, . . . , Xn) = — OO if one makes to tend to 0, contradiction. 

If n = oo then £(Foo) is generated by an infinite semicircular system 
{xt}t>i- If we fix an integer k > p + 2/ + 1, then we can approximate 
xi, . . . , Xfc by polynomials {4>j)i<j<k as in (P) and so one has the estimate of 
the modified free entropy H12|) with k instead of n. Taking m, R, k^ ^ oo 
and Lij ^ in this estimate, one obtains 



(13) xi {xj)i<j<k ■■ (pr^)i<»<r„ , {qi"')i<i<s. , {e'-ji'}j,i,v, {fji'}j,i,v, 

i<f</ i<f</ 



f(f)l 



{Zu)l<u<p < X{XI, ... ,Xk) 



Where (pf ^<.<,.„ , (^zj^^ ).<,<.„ , {ej?},,,,., {f^^^,., {zu)i<u<p are as in 

l<v <f l<v<f 

Proposition 13.41 If At denotes the von Neumann algebra {xi, . . . ,xt}" and 
Et the conditional expectation onto it, then 



(14) 



{xj)i<j<k, (£;t(p>f -*))!<,<,„ , {Et{ql'''))i<i<s, , 
i<f</ i<f</ 

{St(e;.y))},- ,,,, {i?i(4;))},,,„ {Et{z^))i<u<p 



t>i 



converges in distribution as t ^ oo to 



{Xj)l<j<k, {Pi ) 



therefore 



(15) x({xj)i<j<k : (i?i(pf)))i<,<.„, (i^t(g;"))),<,<.„,{i?t(e5?)Uz,., 

V l<v<f l<v<f 

{Et{fj'^^)}j,i,v, {Et{zu))i<u<p^ < x{xi, ■■■,Xk) 
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for some large integer t > k. But this leads to a contradiction: 

(16) x{xi,---,xt) =x{{xj)i<j<t ■■ {Et{p^-"^))i<,<r,,{Et{ql''^))i<i<s,, 

V i<f</ i<f</ 

{Et{efi^)}j,i,v,{Et{fj]^'')}j,i,v, {Et{zu))i<u<p^ < x(^{xj)l<j<^ 



(E't(z„))i<n<pJ +x(a;A:+i,---,a^t) < x(a:i, • • • , Xfc) 

+ X(2;fc+1: ■■■,Xt) = X{X1, ■■■,Xt). 



□ 



Corollary 3.6. If V C >C(F„) is a suhfactor of finite index and if n > 
p + 2/ + 2, then V can not he asymptotically decomposed as 



lim y MfZ'^NfZ'^...NfZ'^N\ 



i<ii,--- Jt+i</ 
l<t<(i 



where {Z^}^ contain p self-adjoint elements ofV, {Mi ^ . . . ,Mj}uj are non- 
prime subfactors ofV, and d > 1 is an integer. 

Proof. Since V C /2(F„) is a subfactor of finite index, iZ(F.„) can be obtained 
from V with the basic construction ([jEl, |.ToSuj ) : there exists a subfactor 
Q C V such that £(F„) =< "PjCq >, where eg is the Jones projection 
associated to the inclusion Q CV. But < V,eQ >= VcqV ( |.ToSuj ). hence 
n) can be decomposed as T'cqP. Apply now Theorem ESI D 

Corollary 3.7. If n > p + 2/ + 1, t/ien the free group factor £(F„) can not 
he decomposed as 

sp- ^hZM,,Z . . . Mj.ZMj,^, , 

l<Jl,---Jt+l</ 
l<t<d 

where Z C £(F„) contains p self-adjoint elements, A/i, . . . , A// are nonprime 
suhf actors of £(F„), and d > 1 is an integer. Moreover, if 1^ CI jC(Fy^) is 
a suhfactor of finite index and if n > p + 2f + 2, then V also can not he 
decomposed as 



sp 



^ Afj,ZAfj,Z...Arj^ZAf,,^„ 



i<ii,...jt+i</ 

l<t<d 



for any suhset Z containing p self-adjoint elements of V, any A/i, . . . , A// 
nonprime suhfactors ofV, and any integer d>l. 

Proof. Follows from Theorem 18.51 and Corollary IIKil for Z'^ = Z, Ni = 
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Corollarv lH.HI settles a conjecture of L. Ge and S. Popa ( |(lePoj ) in the case 
n = oo. Recall that for a type Ei-factor Ai one defines ih{M.) = min{/ E 
N I 3 hyperfinite 7^l, . . . ,7^/ C M s.t. sp^7^l7^2 ... TZf = M}. Note that 
the definition of hyperfinite dimension is given in terms of hyperfinite sub- 
algebras. If one defined the hyperfinite dimension in terms of hyperfinite 
subfactors instead of hyperfinite subalgebras, then the proof of Corollary 
13.81 would have followed immediately from Corollarv 13.71 But with Defini- 
tion 13.11 we need the asymptotic indecomposability result from Theorem 
EH 

Corollary 3.8. ih{C{¥n)) > [^] + 1 V4 < n < oo. 

Proof. If 4(/:(F„)) < [^], then £(F„) = sp'"7^l7^2 • • • % for some hy- 
perfinite subalgebras TZi, . . . ,TZf and some integer / with n > 2f + 2. Let 
ITT' > li yi,---,ym £ ^(Fn) and LiJ > be fixed. Then there exist finite 
dimensional subalgebras B'^ = Bv{yi, . . . , Vm', i^) C TZv, I < v < f, such that 

dist||.||, {yj,B^B^ ...BJ) <oj^l<j <m. 

Each finite dimensional subalgebra B^ is contained in a copy of the hyper- 
finite Ei -factor, say C TZ% = lZ%{yi, . . . ,ym',oj) C >C(F„). Consequently, 

dist||.||2 (2/J,7^^'7^^ . . .7^;;) < w VI < j < m, 

hence C{¥n) admits an asymptotic decomposition of the form 

lim ll•ll27^^7^^...7^'^;, 

in contradiction with Theorem 13.51 as TZf , . . . , TZ^ are nonprime and n > 
2/ + 2. □ 



Corollary 3.9. IfVC >C(F„) is a subf actor of finite index and 5 < n < oo, 
then lh{V) > [^] + 1. 

Proof. Follows from Corollarv 13.61 □ 



4. Indecomposability over abelian subalgebras 

Another estimate of free entropy is used to prove that the free group 
factor £(F„) does not admit an asymptotic decomposition of the form 

lim Y Z'^A%Z'^ . . . A%Z^A%^, , 

l<Jl.--Jt + l</ 

l<t<d 

where {Af, . . . ,A'f} are abelian subalgebras of C{¥n), {Z^ C C{¥n)}u are 
subsets with p self- adjoint elements, d > 1 is an arbitrary integer, and 
n > p + 2f + \. Similarly, for free group subfactors one has the following: 
if n > p + 2/ + 2 and 7^ C £(F n) is a subfactor of finite index, then T' 
does not admit such an asymptotic decomposition either. In particular, the 
abelian dimension of /2(F„) is > [^^^] + 1 and the abelian dimension of V 
is > [^^] + 1. For n = oo this proves the second part of L. Ge's and S. 
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Popa's ( [(jePoj ) conjecture: the abelian dimension of free group factors is 
infinite. The definitions of abehan dimension and asymptotic decomposition 
over abehan subalgebras are given next. 

Definition 4.1. f |GePoj ) If 7W is alli-factor, then the abelian dimension of 
Ai, denoted iai-M.), is defined as the smallest positive integer / € N with 
the property that there exist abelian subalgebras Ai,...,Af C M. such 
that sp"'^i^2 ■ ■ ■ Af = Ai. If there is no such positive integer /, then by 
definition, iai-M.) = +00. 

Definition 4.2. A type Ii-factor M admits an asymptotic decomposition 
over abelian subalgebras, denoted 



lim 



EAUJ ^LU ALU ^LU ALU O'CJ ALU 



1<J1 3i + l</ 

l<t<d 



provided that Vn > 1 Va;i,...,a;„ G Ai Vw > BAf = Ai{xi, . . . , Xn] 
uj), . . . ,A'j = Af{xi, . . . ,Xn',uj) abelian *-subalgebras of M. 3Z^ = Z{xi, 
. . . , Xn] id) C A4 containing p self-adjoint elements, such that 



disti 



ALU ^ijJ AUJ O'O-' ALJ ^ijJ ALU 



\ 



l<t<d 



< u Ml < j < n. 



J 



Proposition 14.1^1 gives an estimate of the free entropy of a (finite) system 
of generators of a //i-factor ^A which can be asymptotically decomposed as 



lim II' 



E 



AU) '^ijJ ALU ^UJ ALU ^UJ ALU 



i<ii,---Jt+i</ 
l<t<d 



As in the statement of Proposition l.S.41 the approximations in the 1 1 • | |2-norm 
hold for every a; > if the //i-factor can be decomposed as above. 

Proposition 4.3. Let zi,. . . ,Zp be self-adjoint elements of a Bi-factor Ai 
and let {Av)i<v<f be a family of abelian subalgebras of Ai. Let xi, . . . ,Xn 
be self-adjoint generators of Ai and assume that there exist projections 
p^i \ ■ ■ ■ ,p^"} S Av and complex noncommutative polynomials {4'j)i<j<n of 
degrees < d (where d > 1 is fixed) in the variables {zu)i<u<p such that 



(1) 



( (Pi '^)l<i<rv J {^u)l<U<p 

l<v<f 



,n. 



where to £ (0, a] is a given positive number, and such that in all monomials 

of every the projections p[^^ and p^^^ are separated by some z^ if v ^ w. 
Then 

(2) x{xi,---,Xn) < C{n,p,a,d,f)-^{n-p-2f)loguj, 

where a = max{||xj||2 + 1|1 < j < n} and C{n,p, a, d, f) is a constant that 
depends only on n,p,a,d, f . 
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Proof. As in the proof of Proposition \^A\ we can assume that (pj = </)^ VI < 
j < n and fix i? > 0. Consider an arbitrary element 



l<i<r^ ; (Zu)l<.u<p 1 

l<v<f J 

({Xj)l<j<ni {Pi ^)l<i<r„ 5 {Zu)l<u<p'i 
l<v<f 



of 

Xj)l<j<m{Pi )i<i<'--i,) (^«)i<-u<p;m-,fc,e 



for some large integers m, k and small e > 0. Eventually after further 

(v) (v) 

restricting m, e, we can find mutually orthogonal projections Q\ , . . . , QrJ £ 
Ml" with rank(Qf ^) = [T{p'f^)k] VI < i < r„, such that 



< VI < j < n . 

V i<v<f J 2 

If S'|^\ . . . , e M.^^ are fixed, mutually orthogonal projections with 



V i<f</ / 

rank(S'|^^) = \T(j)""^^k\ for every 1 < i < r^, then there exists a unitary 

G such that = Si C/(^) VI < i < r^. The previous 

inequality becomes 

- f (^f ^)i<»<.„, (^n)i<«<p, (Re([/(^)),Im(C/(^)))i<„</) < u;, 

and all the components of are polynomials of degrees < + 2 in the last 
p + 2f variables. Reasoning as in the last part of the proof of Proposition 
13.41 we can easily obtain now the estimate x(^i) • • • > ^n) < C{n,p, a, d, f) + 
(n — p — 2/) log u;. □ 

4.1. Abelian dimension of free group factors. 

Theorem 4.4. If n > p + 2/ + 1, then the free group factor £(F„) does not 
admit an asymptotic decomposition of the form 



lim ll-ll^ Y ^1, Z'^^tZ'^ ■ ■ ■ A%Z'^A 

..Q Z-^ 31 J2 Jt 



i<ii,---,it+i</ 
l<t<d 



It+l ' 



where each subset contains p self-adjoint elements, Af, . . . C £(F„) 
are abelian *-subalgebras and d > 1 is an integer. 

Proof. Apply Proposition 14.31 in the same manner Proposition 13.41 was used 
in the proof of Theorem 13.51 □ 

Corollary 4.5. If V C £(F„) is a subfactor of finite index and if n > 
p + 2f + 2, then V can not be asymptotically decomposed as 

lim Y A^Z'^AIZ'^ ...AlZ'^Al^^, 

1<J1 Jt + 1</ 

l<t<d 

where each subset Z"^ contains p self-adjoint elements ofV , , . . . , A^j C V 
are abelian *-subalgebras, and d > 1 is an integer. 
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Proof. It is a direct consequence of Theorem 14.41 and of decomposition 
jr(Yn) = VcqV (see the proof of Corollary ESI . □ 

Corollary 4.6. If n > p + 2f + 1, then the free group factor £(F,„) can not 
be decomposed as 

Sp •^jl^-^j2^ ■ ■ ■ -^jt^-^jt+lJ 

i<ji,...jt+i</ 

l<t<d 

where Z C /2(F„) contains p self-adjoint elements, Ai, . . . ,Af are abelian 
*-subalgebras of C{¥n), and d > 1 is an integer. Moreover, if V C C{¥n) 
is a suhf actor of finite index and if n > p + 2f + 2, then V also can not be 
decomposed as 

sp Ajj^ZAj^Z . . . Aj^ZAj^j^^ , 

i<ji,.-.jt+i</ 

l<t<d 

for any subset Z containing p self-adjoint elements of V , any Ai, . . . , Af 
abelian *-subalgebras ofV, and any integer d>l. 

Proof Apply Theorem Ol and Corollary 1131 for Z"^ = Z, Af = Ai, . . . , 
A"! = Af. □ 

Corollary 14.71 settles the second part of the conjecture of L. Ge and S. 
Popa ( [GePo;^ ) . in the case n = oo. As a reminder, ia{M) is defined as 
min{/ G N | 3^i, . . . .,Af C M. abelian *-algebras s.t. sp™^i^2 • • - Af = 
^A} for eyery type Ii-factor M. 

Corollary 4.7. ia{C{¥n)) > [^] + 1 V4 < n < oo. 

Proof. It follows from the first part of Corollary 14. 6( for Z = {1}. □ 

Corollary 4.8. IfVC >C(F„) is a subfactor of finite index and 5 <n < oo, 
then £aiV) > + 

Proof. Apply the second part of Corollary 14.61 □ 



Remark 4.9. One can combine both indecomposability properties of C{¥n) 
into a single statement: if n > p + 2/ + 1, then the free group factor £(F„) 
does not admit an asymptotic decomposition of the form 

lim ll-lb M'^Z'^MlZ'^...MtZ'^Ml^^, 

l<Jl,---,jt+l</ 
l<t<d 

where each subset Z'^ contains p self-adjoint elements, each Mf, . . . , C 
C{¥n) is either a nonprime subfactor or an abelian *-subalgebra and d > 1 
is an integer. 
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